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C∗-algebraic index
Let

0

��

0

��

0

��
0 // A1 //

��

A2
r //

��

A3 //

��

0

0 // B1 //

��

B2
η
//

σ
��

B3 //

��

0

0 // C1 //

��

C2 //

��

C3 //

��

0

0 0 0

B1,B2,B3,C1,C2 and C3 being unitary C∗-algebras. And δ : K1(C2) → K0(A2) the index map of
the second column.
From this diagram we can produce a diagonal exact sequence :

0 // A1 // B2

σdiag =(σ,η)
// C2 ⊕

C3
B3 // 0 .

Theorem : K-theoretical obstruction
Let T ∈ B2 s.t σ(T ) invertible. Then the following are equivalents

∃T ′ ∈ MN(B2) with σ(T ′) invertible with [σ(T )]1 = [σ(T ′)]1 and η(T ′) invertible
K0(r)(δ[σ(T )]1) = 0.

In particular σdiag (T ′) will be invertible in that case.
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Boundary index : Application/Motivation

Application : Elliptic operators on a singular manifold ?

From a Lie groupoid G //
// G(0) the pseudodifferential calculus defined on G fit in the exact

sequence :

0 // C∗(G) // ψ0(G) σ // C0(S∗G) // 0 .

If G(0) = U ⊔ F with restrictions GU
//
// U and GF

//
// F we get :

0
��

0
��

0
��
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��
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��
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��

0

0 // ψ0(GU) //

��

ψ0(G) //

σ
��

ψ0(GF ) //

��

0

0 // C0(S∗GU) //

��

C0(S∗G) //

��

C0(S∗GF ) //

��

0

0 0 0
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Boundary index : Application/Motivation

In this context, the boundary index is defined by :
Ind∂ := K0(r) ◦ δ : K1(C0(S∗G)) −→ K0(C∗(GF )).
The elliptic operators on G which are "diagonal invertible" will be called Fully elliptic And the

diagram chasing statement could be expressed as follows :

Theorem
Ind∂([σ(T )]1) = 0 iff ∃T ′ ∈ ψ0(G) Fully elliptic with σ(T ) and σ(T ′) stably homotopic.

Questions :
Computation of Ind∂ ?
Computation of K0(C∗(GF )) ?

→ Need of a geometrical context and an adapted groupoid to arise singularities.
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Geometrical framwork : manifold with corners

Definition : manifold with corners
A manifold with corners X is a topological space where each x ∈ X has a neighborhood
diffeomorphic to Rk+ × Rn−k . We denote k := codim(x).
Connected components of {x ∈ X : codim(x) = k} are called codimension k faces, their set is
denoted Fk(X).

Definition : manifold with embedded corners
Such a manifold is a topological space endowed with a sub algebra := C∞(X) ⊂ C0(X) s.t :

∃X̃ smooth manifold, i : X → X̃ with i∗C0(X̃) = C∞(X)

∃(ρi )N
i=1, ρi : X̃ → R smooth. s.t i(X) =

⋂
i∈J1,NK

{ρi ⩾ 0}

∀J ⊂ J1,NK, (dxρi )i∈J are linearly independant for x ∈
⋂
i∈J

{ρi = 0}.

Definition : family of manifolds with embedded corners
We call Family of manifold with embedded corners a submersion π : X̃ −→ B from an embedded
corner manifold to a smooth manifold such that : ∀f ⊂ X̃ face, π|f : f ↠ B is still surjective.
For now I suppose also : N (X̃ ,Hi ) = Hi × R.
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Blup groupoid
Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :

(X ,Y ) ∈ C∞
2 ⇝ D(X ,Y ) := X × R∗

⊔
∼

N (X ,Y ).

Using zoom action : Blup(X ,Y ) := [D(X ,Y ) ∖ (Y × R)]/R∗.

Blup groupoid
To a pair of embedded Lie groupoids H

����

⊆ G

����

H(0) ⊆ G(0)

, we can associate : Bst(G,H)

����

Blup(G(0),H(0))

Functoriality

If we restrict to Lie groupoid pair morphisms H1

����

⊆ G1

����

f // G2

����

⊇ H2

����

H(0)
1 ⊆ G(0)

1
f (0)
// G(0)

2 ⊇ H(0)
2

s.t

(f (0))−1(H(0)
2 ) = H(0)

1 and f (0) : (G(0)
1 ,H(0)

1 ) → (G(0)
2 ,H(0)

2 ) has its dN f fiberwise injective.
Then the association is functorial.

THIRY (UT3) Index theory for manifolds with corners February 2025 7 / 15



Blup groupoid
Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X ,Y ) ∈ C∞

2 ⇝ D(X ,Y ) := X × R∗
⊔
∼

N (X ,Y ).

Using zoom action : Blup(X ,Y ) := [D(X ,Y ) ∖ (Y × R)]/R∗.

Blup groupoid
To a pair of embedded Lie groupoids H

����

⊆ G

����

H(0) ⊆ G(0)

, we can associate : Bst(G,H)

����

Blup(G(0),H(0))

Functoriality

If we restrict to Lie groupoid pair morphisms H1

����

⊆ G1

����

f // G2

����

⊇ H2

����

H(0)
1 ⊆ G(0)

1
f (0)
// G(0)

2 ⊇ H(0)
2

s.t

(f (0))−1(H(0)
2 ) = H(0)

1 and f (0) : (G(0)
1 ,H(0)

1 ) → (G(0)
2 ,H(0)

2 ) has its dN f fiberwise injective.
Then the association is functorial.

THIRY (UT3) Index theory for manifolds with corners February 2025 7 / 15



Blup groupoid
Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X ,Y ) ∈ C∞

2 ⇝ D(X ,Y ) := X × R∗
⊔
∼

N (X ,Y ).

Using zoom action : Blup(X ,Y ) := [D(X ,Y ) ∖ (Y × R)]/R∗.

Blup groupoid
To a pair of embedded Lie groupoids H

����

⊆ G

����

H(0) ⊆ G(0)

, we can associate : Bst(G,H)

����

Blup(G(0),H(0))

Functoriality

If we restrict to Lie groupoid pair morphisms H1

����

⊆ G1

����

f // G2

����

⊇ H2

����

H(0)
1 ⊆ G(0)

1
f (0)
// G(0)

2 ⊇ H(0)
2

s.t

(f (0))−1(H(0)
2 ) = H(0)

1 and f (0) : (G(0)
1 ,H(0)

1 ) → (G(0)
2 ,H(0)

2 ) has its dN f fiberwise injective.
Then the association is functorial.

THIRY (UT3) Index theory for manifolds with corners February 2025 7 / 15



Blup groupoid
Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X ,Y ) ∈ C∞

2 ⇝ D(X ,Y ) := X × R∗
⊔
∼

N (X ,Y ).

Using zoom action : Blup(X ,Y ) := [D(X ,Y ) ∖ (Y × R)]/R∗.

Blup groupoid
To a pair of embedded Lie groupoids H

����

⊆ G

����

H(0) ⊆ G(0)

, we can associate : Bst(G,H)

����

Blup(G(0),H(0))

Functoriality

If we restrict to Lie groupoid pair morphisms H1

����

⊆ G1

����

f // G2

����

⊇ H2

����

H(0)
1 ⊆ G(0)

1
f (0)
// G(0)

2 ⊇ H(0)
2

s.t

(f (0))−1(H(0)
2 ) = H(0)

1 and f (0) : (G(0)
1 ,H(0)

1 ) → (G(0)
2 ,H(0)

2 ) has its dN f fiberwise injective.
Then the association is functorial.

THIRY (UT3) Index theory for manifolds with corners February 2025 7 / 15



Blup groupoid
Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X ,Y ) ∈ C∞

2 ⇝ D(X ,Y ) := X × R∗
⊔
∼

N (X ,Y ).

Using zoom action : Blup(X ,Y ) := [D(X ,Y ) ∖ (Y × R)]/R∗.

Blup groupoid
To a pair of embedded Lie groupoids H

����

⊆ G

����

H(0) ⊆ G(0)

, we can associate : Bst(G,H)

����

Blup(G(0),H(0))

Functoriality

If we restrict to Lie groupoid pair morphisms H1

����

⊆ G1

����

f // G2

����

⊇ H2

����

H(0)
1 ⊆ G(0)

1
f (0)
// G(0)

2 ⊇ H(0)
2

s.t

(f (0))−1(H(0)
2 ) = H(0)

1 and f (0) : (G(0)
1 ,H(0)

1 ) → (G(0)
2 ,H(0)

2 ) has its dN f fiberwise injective.
Then the association is functorial.

THIRY (UT3) Index theory for manifolds with corners February 2025 7 / 15



Monthubert groupoid

We set : 
Mt1(X) = Bst(X̃ ×

B
X̃ ,H1 ×

B
H1)

Mtk+1(X) = Bst
(

Mtk(X), Bst(Hk+1 ×
B

Hk+1,
⊔

α⩽k
Hk+1,α ×

B
Hk+1,α)

)
.

We set Γb(X) := Mtc
N(X)|X the Monthubert Puff groupoid.

Computing it, we get :

Γb(X) =
◦
X ×

B

◦
X

⊔
∼

⊔
g∈F1

(g ×
B

g × R∗+)
⊔
∼

⊔
f ∈F2

(f ×
B

f × R∗+2).

Taking back our boundary index, our index map in this context corresponds to :

K0(C∗(Γb(X)))
K0(r)

// K0
(

C∗
(

⊔
g∈F1

(g ×
B

g × R∗+)
⊔
∼

⊔
f ∈F2

(f ×
B

f × R∗+2)︸ ︷︷ ︸
:= Γb(X)|F1∪F2 =GF

))

K1(C0(S∗G))

δ

JJ
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Computation of K∗(C∗(Γb(X )|F1∪F2))

Remark :
K∗(C∗(Γb(X)|F1 )) =

⊕
g∈F1

K∗(g ×
B

g × R∗+)) = K1−∗(C0(B))#F1 , and the same way

K∗(C∗(Γb(X)|F2 )) = K∗(C0(B))#F2 .

From the exact sequence :

0 // C∗(Γb(X)|F1 ) // C∗(Γb(X)|F1∪F2 ) // C∗(Γb(X)|F2 ) // 0 .

We produce the 6-term exact sequence :

K0(C0(B))#F1 // K1(C∗(Γb(X)|F1∪F2 )) // K1(C0(B))#F2

δ1

��

K0(C0(B))#F2

δ0

OO

K0(C∗(Γb(X)|F1∪F2 ))oo K1(C0(B))#F1oo

The δi : Ki (C0(B))#F2 → Ki (C0(B))#F1 are coordinatewise the index maps of the sequence :

0 // C∗(Γb(X)|g ) // C∗(Γb(X)|g∪f ) // C∗(Γb(X)|f ) // 0 .

If f ̸⊂ ∂g : g ×
B

g × R+∗ ⊔
∼

f ×
B

f × R+∗2 = g ×
B

g × R+∗ ⊔ f ×
B

f × R+∗2. Spliting then index

vanishes.
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0 // C∗(Γb(X)|g ) // C∗(Γb(X)|g∪f ) // C∗(Γb(X)|f ) // 0 .

If f ̸⊂ ∂g : g ×
B

g × R+∗ ⊔
∼

f ×
B

f × R+∗2 = g ×
B

g × R+∗ ⊔ f ×
B

f × R+∗2. Spliting then index

vanishes.
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Computation of K∗(C∗(Γb(X )|F1∪F2))

If f ⊂ g ∩ g ′ : We have g ⊂ Hi , g ′ ⊂ Hj .

Let U ⊂ X̃ a tubular neighborhood of f : (U ∩ Hk ̸= ∅ ⇒ k ∈ {i , j}), U ∩ Hi ∩ Hj = f :
U = f × R2 Ug = f × (R+∗ × {0}) Ug′ = f × ({0} × R+∗) Uf = f × ({0} × {0}) = f .

Γb(X)|U = MtN(X)c
|U = Bstc

(
Bstc(U ×

B
U,Ug ×

B
Ug ),Bstc(Ug′ ×

B
Ug′ ,Uf ×

B
Uf )

)
= f ×

B
f ×

(
(R+∗2)2

⊔
∼

(R+∗ × {0})2 × R+∗
⊔
∼

({0} × R+∗)2 × R+∗
⊔
∼

({0}2)2 × R+∗2
)

= (f ×
B

f × (R+∗2)2)
⊔
∼

Γb(X)|Ug

⊔
∼

Γb(X)|Ug′

⊔
∼

Γb(X)|f .

Which has the chart :

(x1, x2), (y1, y2) 7→ ( y1
x1
, x1,

y2
x2
, x2)

(x1, 0), (y1, 0), µ 7→ ( y1
x1
, x1, µ , 0 )

(0, x2), (0, y2), λ 7→ (λ , 0 , y2
x2
, x2)

(0, 0), (0, 0), λ, µ 7→ (λ , 0 , µ , 0 )

.
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Computation of K∗(C∗(Γb(X )|F1∪F2))

Setting the groupoid R+ ⋊j R2 associated to the action R+ ↶ R2 defined by t ∗ (λ1, λ2) := teλj ,
we have :
Γb(X)|f ∪Ug

∼= f ×
B

f × (R+ ⋊1 R2)

and Γb(X)|f ∪Ug′
∼= f ×

B
f × (R+ ⋊2 R2).

0 // C∗(Γb(X)|Ug ) //

∼=C∗(f ×
B

f ×(R+⋊1R2))︷ ︸︸ ︷
C∗(Γb(X)|Ug ∪f ) // C∗(Γb(X)|f ) //

α

ll
0

0 // C∗(Γb(X)|Ug′ ) //

∼=C∗(f ×
B

f ×(R+⋊2R2))︷ ︸︸ ︷
C∗(Γb(X)|Ug′ ∪f ) // C∗(Γb(X)|f ) //

−α

ll
0
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Computation of K∗(C∗(Γb(X )|F1∪F2))

Lemma : (proof in progress)
The maps K∗(i) : K∗(C∗(Γb(X)|Ug )) −→ K∗(C∗(Γb(X)|g )) are isomorphisms.

0 // C∗(Γb(X)|g ) // C∗(Γb(X)|f ∪g ) // C∗(Γb(X)|f ) // 0

0 // C∗(Γb(X)|Ug ) //?�
i
OO

C∗(Γb(X)|Ug ∪f ) //?�

OO

C∗(Γb(X)|f ) // 0

0 C∗(f ×
B

f × R+∗2 × R+∗) C∗(f ×
B

f × (R+ ⋊1 R2)) C∗(f ×
B

f × R+∗2) 0.

Remark :
Because of C∗(f ×

B
f ) nuclearity, it is enough to study the connection maps associated to

0 // C∗(R+∗2 × R+∗) // C∗(R+ ⋊1 R2) // C∗(R+∗2) // 0 .
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Computation of K∗(C∗(Γb(X )|F1∪F2))

To study K-theory of C∗(R+ ⋊1 R2) we define (R+ × [0, 1]) ⋊ R2 the groupoid associated to the
action (R+ × [0, 1]) ↶ R2 defined by (t, ε) ∗ (λ1, λ2) := (teελ1 , ε).

Using 6-terms exact sequence asociated to

0 // C∗((R+×]0, 1]) ⋊ R2) // C∗((R+ × [0, 1]) ⋊ R2)
ev0 // C∗(R+ × R2) // 0

0 // C∗((R+ × [0, 1[) ⋊ R2) // C∗((R+ × [0, 1]) ⋊ R2)
ev1 // C∗(R+ ⋊1 R2) // 0.

we get :

K∗(C∗(R+ × R2)) K∗(C∗((R+ × [0, 1]) ⋊ R2))ev0

∼=oo
ev1

∼= // K∗(C∗(R+ ⋊1 R2))

0.

Then

0 // C∗(R+∗2 × R+∗) // C∗(R+ ⋊1 R2) // C∗(R+∗2) //

∼=

ll
0 .

Eventually, α is an isomorphism.
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Computation of K∗(C∗(Γb(X )|F1∪F2))

Index maps

K0(C0(B))#F1 // K1(C∗(Γb(X)|F1∪F2 )) // K1(C0(B))#F2

δ1

��

K0(C0(B))#F2

δ0

OO

K0(C∗(Γb(X)|F1∪F2 ))oo K1(C0(B))#F1oo

we have :
δi : Ki (C0(B))#F2 −→ Ki (C0(B))#F1

(0, . . . , 0, b,︸︷︷︸
f coordinate

0, . . . , 0) 7→ (0, . . . , 0, α(b)︸︷︷︸
g coordinate

, . . . , −α(b),︸ ︷︷ ︸
g′ coordinate

0, . . . , 0).

→ Coherent choice of signs ? Conormal homology.

Theorem
The obstruction K0(C∗(GF )) = K0(C∗(Γb(X)|F1∪F2 )) fits in the short exact sequence :

0 // K1(C0(B))#F1/Im δ1 // K0(C∗(GF )) // Kerδ0 // 0 .
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Thank you

Thank you for your attention !

THIRY (UT3) Index theory for manifolds with corners February 2025 15 / 15


	Boundary index
	Family of embedded corners manifold
	Computation of the obstruction : K*(C*(GF))

