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C*-algebraic index

Let

00— Ay — 3 — 0
00— B —> By —3 B; —>0

0—CG —>G—>G—0

Lol

0 0 0
Bi, By, B3, C1, > and G being unitary C*-algebras. And ¢ : Ki(C2) — Ko(A2) the index map of

the second column.
From this diagram we can produce a diagonal exact sequence :

 diag=(m)
0 > Ap B, G o B3 0.

Theorem : K-theoretical obstruction

Let T € By s.t o(T) invertible. Then the following are equivalents
o 3T’ € My(B2) with o(T’) invertible with [¢(T)]1 = [o(T’)]1 and n(T") invertible
o Ko(r)(3lo(T)h) = 0.

In particular o4i,s(T’) will be invertible in that case.
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Boundary index : Application/Motivation

Application : Elliptic operators on a singular manifold ?

From a Lie groupoid G :; G the pseudodifferential calculus defined on G fit in the exact
sequence :

0 C*(G) PO(G) —2— Go(S*G) —— 0 .
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Boundary index : Application/Motivation

Application : Elliptic operators on a singular manifold ?

From a Lie groupoid G :; G the pseudodifferential calculus defined on G fit in the exact
sequence :

0 C*(G) PO(G) —2— Go(S*G) —— 0 .

If GO) = UU F with restrictions Gy ——= U and Gr ——= F we get :
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Boundary index : Application/Motivation

Application : Elliptic operators on a singular manifold ?

From a Lie groupoid G :; G the pseudodifferential calculus defined on G fit in the exact
sequence :

0 C*(G) PO(G) —2— Go(S*G) —— 0 .

If GO) = UU F with restrictions Gy ——= U and Gr ——= F we get :

0 0 0
N , 1
0 — C*(Gy) — C*(G) —= C*(Gr) — 0
v v v
0 — ¥9(Gy) — ¥O(G) — ¥(GF) — 0
{ le
0 = Co(5*Gy) = Co(S*G) = Co(S*Gr) = 0
v v v
0 0 0
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Boundary index : Application/Motivation

In this context, the boundary index is defined by :
Inda = Ko(r') 0d: Kl(CO(S*G)) — Ko(C*(GF)).
The elliptic operators on G which are "diagonal invertible" will be called Fully elliptic And the

diagram chasing statement could be expressed as follows :

Indy([o(T)]1) = 0 iff 3T’ € ¥O(G) Fully elliptic with o(T) and o(T’) stably homotopic.
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Boundary index : Application/Motivation

In this context, the boundary index is defined by :
Inda = Ko(r') 0d: Kl(CO(S*G)) — Ko(C*(GF)).
The elliptic operators on G which are "diagonal invertible" will be called Fully elliptic And the

diagram chasing statement could be expressed as follows :

Indy([o(T)]1) = 0 iff 3T’ € ¥O(G) Fully elliptic with o(T) and o(T’) stably homotopic.

Questions :
@ Computation of Indy ?
e Computation of Ko(C*(Gg))?
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Boundary index : Application/Motivation

In this context, the boundary index is defined by :
Inda = Ko(r') 0d: Kl(CO(S*G)) — Ko(C*(GF)).
The elliptic operators on G which are "diagonal invertible" will be called Fully elliptic And the

diagram chasing statement could be expressed as follows :

Indy([o(T)]1) = 0 iff 3T’ € ¥O(G) Fully elliptic with o(T) and o(T’) stably homotopic.

Questions :
@ Computation of Indy ?
e Computation of Ko(C*(Gg))?
— Need of a geometrical context and an adapted groupoid to arise singularities.
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Geometrical framwork : manifold with corners

Definition : manifold with corners

A manifold with corners X is a topological space where each x € X has a neighborhood
diffeomorphic to Rt x R"—K, We denote k := codim(x).

Connected components of {x € X : codim(x) = k} are called codimension k faces, their set is
denoted .7 (X).
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Geometrical framwork : manifold with corners

Definition : manifold with corners

A manifold with corners X is a topological space where each x € X has a neighborhood
diffeomorphic to Rt x R"—K, We denote k := codim(x).

Connected components of {x € X : codim(x) = k} are called codimension k faces, their set is
denoted 7 (X).

.

Definition : manifold with embedded corners
Such a manifold is a topological space endowed with a sub algebra := C>°(X) C C%(X) s.t :
o 3X smooth manifold, i : X — X with i*CO(;() = C>®(X)

o A(p)N,, pi: X — R smooth. s.t iX)= (\ {pi=0}
i€1,N]

o VJ C [1,N], (dupi)icy are linearly independant for x € ({p; = 0}.
ied

.
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Geometrical framwork : manifold with corners

Definition : manifold with corners

A manifold with corners X is a topological space where each x € X has a neighborhood
diffeomorphic to R¥* x R"=k. We denote k := codim(x).

Connected components of {x € X : codim(x) = k} are called codimension k faces, their set is
denoted 7 (X).

.

Definition : manifold with embedded corners

Such a manifold is a topological space endowed with a sub algebra := C>°(X) C C%(X) s.t :
o 3X smooth manifold, i : X — X with i*CO(;() = C>(X)

o A(p)N,, pi: X — R smooth. s.t iX)= (\ {pi=0}
i€1,N]

o VJ C [1,N], (dupi)icy are linearly independant for x € ({p; = 0}.
ied

.

Definition : family of manifolds with embedded corners

We call Family of manifold with embedded corners a submersion 7 : X — B from an embedded
corner manifold to a smooth manifold such that : Vf C X face, mf f — B is still surjective.

For now | suppose also : N(;(, H;) = H; X R.
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Blup groupoid

Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
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Blup groupoid

Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X,Y) €C5° ~ P(X,Y):= X xR V(X,Y).
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Blup groupoid

Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :

(X,Y) €CS° ~ 2(X,Y) := X x R*|_N(X, Y).

Using zoom action : Blup(X,Y) := [2(X, Y) ~ (Y X R)]/R*.
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Blup groupoid

Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X,Y) €C5° ~ P(X,Y):= X xR V(X,Y).

Using zoom action : Blup(X,Y) := [2(X, Y) ~ (Y X R)]/R*.

Blup groupoid

To a pair of embedded Lie groupoids H C G , we can associate : Bst(G, H)
HO c GO Blup(G(©), H())
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Blup groupoid

Which groupoid for such an embedded corner family ?
Need of a notion of Blow-up of manifolds :
(X,Y) €C5° ~ P(X,Y):= X xR V(X,Y).

Using zoom action : Blup(X,Y) := [2(X, Y) ~ (Y X R)]/R*.

Blup groupoid

To a pair of embedded Lie groupoids , We can associate : Bst(G, H)
HO  C Blup(G©, H©)
y
If we restrict to Lie groupoid pair morphisms - Gy —> Gy ) Hy s.t
c O—c® o HO
(F@)= 1( ) H(O) and f(© (G(0 HO )) — (Géo)7 H, ) has its dy/f fiberwise injective.
Then the assoaatlon is functorial.

= — — =
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Monthubert groupoid

We set :

Mt (X)=  Bst(X x X, Hy X Hy)

Mty1(X) = Bst (Mtk(x), Bst(Hk41 X His1, || Hist,a X Hk+1,a)> .
a<sk

We set I',(X) := Mt§(X)|x the Monthubert Puff groupoid.
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Monthubert groupoid

We set :

Mt (X)=  Bst(X x X, Hy X Hy)

Mty1(X) = Bst (Mtk(x), Bst(Hk41 X His1, || Hist,a X Hk+1,a)> .
a<sk

We set I',(X) := Mt§(X)|x the Monthubert Puff groupoid.
Computing it, we get :

o) =X xX| | U (exgx®H)| | U (Fxrxr)
B geEF B feF B

~
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Monthubert groupoid

We set :

Mt (X)=  Bst(X x X, Hy X Hy)

Mty 1(X) = Bst (Mtk(x) Bst(Hy1 >; His1, || Hist,a >< Hiyq, a))
a<k

We set I',(X) := Mt§(X)|x the Monthubert Puff groupoid.
Computing it, we get :

r,,(X):f<w°<|_| U (g><g><]R*+)|_| U (f x f x R*¥2).
B geEF feF B

Taking back our boundary index, our index map in this context corresponds to :
(r)
CH(Mp(X)) —— Ko(C*( U (g x g x R** U f><f><]R*+2
Ko(C* (T(X))) o(c (1 (exe )| X )

feZ

~

5 =Tp(X)| 7,09, =CF

K1(Go(S5*G))
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Computation of K, (C*(

Ke(C*(Fp(X) 1 ,)) = €D Kilg x g x R*F)) = K1_.(Co(B))# 71, and the same way
gEF e
K« (C*(Tp(X).2,)) = K«(Co(B))#72.

From the exact sequence :

0 —— C*(Mp(X).2,) — C*(Mp(X)|.2,0,) — C*(Mp(X)|2,) — 0.

THIRY (UT3) Index theory for manifolds with corners February 2025



Computation of K, (C*(

Ke(C*(Fp(X) 1 ,)) = €D Kilg x g x R*F)) = K1_.(Co(B))# 71, and the same way
gEF e
K« (C*(Tp(X).2,)) = K«(Co(B))#72.

From the exact sequence :
0 —— C*(Mp(X)17,) — C*(Mp(X) | 7y05,) — C*(Mp(X)|z,) — 0.
We produce the 6-term exact sequence :

Ko(Co(B)#71 —— Ki(C*(Mo(X) ,0.5,)) — Ki(Go(B))# 7

Ko(Co(B))# 72 +—— Ko(C*(Th(X)| #,02,)) <+ Ki(Go(B))# 7
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Computation of K, (C*(

Ke(C*(Fp(X) 1 ,)) = €D Kilg x g x R*F)) = K1_.(Co(B))# 71, and the same way
gEF e
K« (C*(Tp(X).2,)) = K«(Co(B))#72.

From the exact sequence :
0 —— C*(Mp(X)17,) — C*(Mp(X) | 7y05,) — C*(Mp(X)|z,) — 0.
We produce the 6-term exact sequence :

Ko(Co(B))# 71 ——— Ki(C*(T(X)| 7,0.5,)) — Ki(Co(B))# 72
50T Jsl
Ko(Co(B))# 72 +—— Ko(C*(Th(X)| #,02,)) <+ Ki(Go(B))# 7

The 6; : Ki(Co(B))#72 — K;(Co(B))#Z1 are coordinatewise the index maps of the sequence :

00— C*(Mp(X) ) — C*(Mp(X)jgur) — C*(Tp(X))) — 0.
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Computation of K, (C*(

Ke(C*(Fp(X) 1 ,)) = €D Kilg x g x R*F)) = K1_.(Co(B))# 71, and the same way
gEF e
K« (C*(Tp(X).2,)) = K«(Co(B))#72.

From the exact sequence :
0 —— C*(Mp(X)17,) — C*(Mp(X) | 7y05,) — C*(Mp(X)|z,) — 0.
We produce the 6-term exact sequence :

Ko(Co(B)#71 —— Ki(C*(Mo(X) ,0.5,)) — Ki(Go(B))# 7

Ko(Co(B))# 72 +—— Ko(C*(Th(X)| #,02,)) <+ Ki(Go(B))# 7
The 6; : Ki(Co(B))#72 — K;(Co(B))#Z1 are coordinatewise the index maps of the sequence :
00— C*(Mp(X)1g) — C*(M6(X)jgur) — C*(Mp(X))r) —— 0.

IffZO0g:gxg xR UFxFxRT™ =gxgxRM™UFxfxRP*2, Spliting then index
— "B ~ B B B
vanishes.
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Computation of K.(C*(Ip(X),

If f CgNg’ : We have g C H;, g’ C H;.

Let U C X a tubular neighborhood of f : (UNHx #0 =k € {i,j}), UNH NH;=f:
U=FfxR? Ug=FfxR™*x{0}) Upy=Ffx({0}xR™) Ur=Ffx({0}x{0})=r.
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Computation of K.(C*(Ip(X),

If f CgNg’ : We have g C H;, g’ C H;.

Let U C X a tubular neighborhood of f : (UNHx #0 =k € {i,j}), UNH NH;=f:
U=FfxR? Ug=FfxR™*x{0}) Upy=Ffx({0}xR™) Ur=Ffx({0}x{0})=r.

Fo(X) |y = Mtn(X)S, = Bst® (BstC(U X U, Uy x Up), Bst(Uys x Ugr, Ur Uf))

=fxfx ((R+*2)2|_|(R+* x {0})2 x R+*|_|({o} x RT)2 x R+*|_|({0}2)2 x R+*2>

~ ~

=(f x £ x (RT*2)2) |_| T6(X)|u, |_| Fo(X)u,, |_| Fp(X))r-
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Computation of K.(C*(Ip(X)|7uz

If f CgNg’ : We have g C H;, g’ C H;.

Let U C X a tubular neighborhood of f : (UNHx #0 =k € {i,j}), UNH NH;=f:
U=FfxR? Ug=FfxR™*x{0}) Upy=Ffx({0}xR™) Ur=Ffx({0}x{0})=r.

Fb(X)|U = MtN(X)‘U = Bst® (BStC(U x U, Ug >< Ug) Bst€ (U ’ >< U , Ur >B< Uf))

=fxfx ((R+*2)2|_|(R+* x {0})2 x R+*|_|({o} x RT)2 x R+*|_|({0}2)2 x R+*2>

~ ~ ~

=(fxfx (]R+*2)2)|_|rb(x)\ug |_| Fo(X)ju,, |_|rb(X)|f

(x1,x2), (y1,¥2) +— (y1 x1, 32, %)

. (leo)v(ylv ) 122 = a0 XL K 0)
Which has the chart :

(0, x2), (0, y2), A — (/\ O,X27 x2)

(0,0),(0,0),A\,p = (A, 0,p1,0)
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Computation of K, (C*(

Setting the groupoid R x; R? associated to the action RT .~ R? defined by t * (A1, \2) := te,
we have :
I'b(X)|fng > fxfx(RT % ]R2)

B
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Computation of K, (C*(

Setting the groupoid R x; R? associated to the action RT .~ R? defined by t * (A1, \2) := te,

we have :
To(X) oy, = F X f x (RT %1 R?) and Co(X)jruy,, = x fx (R* x5 R?).
B B
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Computation of K, (C*(

Setting the groupoid R x; R? associated to the action RT .~ R? defined by t * (A1, \2) := te,

we have :
To(X) oy, = F X f x (RT %1 R?) and Co(X)jruy,, = x fx (R* x5 R?).
B B

=C*(Fx Fx (RT 31 R?))
B

——
0 —— C*(Mp(X)y,) = C (Mu(X)jypur) — C*(Mp(X))r) ——0
W

@
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Computation of K.(C*(Ip(X),

Setting the groupoid R x; R? associated to the action RT .~ R? defined by t * (A1, \2) := te,

we have :
To(X) oy, = F X f x (RT %1 R?) and Co(X)jruy,, = x fx (R* x5 R?).
B B

=C*(Fx Fx (RT 31 R?))
B

——
0 —— C*(Mp(X)y,) = C (Mu(X)jypur) — C*(Mp(X))r) ——0
W

@

2 C*(FxFx (R xaR?))
B

———
0—— C*(Mp(X)u,) — C(Me(X)u,ur) —— C(Mp(X))p) ——0
¢ W

—a
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Computation of K.(C*(Ip(X),

Lemma : (proof in progress)
The maps K. (i) : Ke(C*(T'p(X)y,)) — K« (C*(T5(X))g)) are isomorphisms.

00— C*(Mp(X))g) —————— C(M6(X)rug) ——— C*(Mp(X))f) —— 0

00— C*(M(X)y,)) ———— C*("b&)uguf) — C*(Mp(X))r) —0
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Computation of K.(C*(Ip(X),

Lemma : (proof in progress)
The maps K. (i) : K« (C*(T'p(X)y,)) — K« (C*(T5(X))g)) are isomorphisms.

00— C*(Mp(X))g) —————— C(M6(X)rug) ——— C*(Mp(X))r) —— 0

00— C(Me(X)yy,)) ———— C*(rbfl)uguf) — C*(Mp(X)r) —0

0 — C*(f x f x RT*2 x Rt*) — C*(f x f x (R x1 R?)) = C*(f x f x R**2) = 0.
B B B
AT

o

i
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Computation of K.(C*(Ip(X),

Lemma : (proof in progress)
The maps K. (i) : K« (C*(T'p(X)y,)) — K« (C*(T5(X))g)) are isomorphisms.

00— C*(Mp(X))g) —————— C(M6(X)rug) ——— C*(Mp(X))r) —— 0

00— C(Me(X)yy,)) ———— C*(rbfl)uguf) — C*(Mp(X)r) —0

0 — C*(f x f x RT*2 x Rt*) — C*(f x f x (R x1 R?)) = C*(f x f x R**2) = 0.
B B B
AT

o

i

Remark :
Because of C*(f X f) nuclearity, it is enough to study the connection maps associated to
B

0 —— C*(RT*2 x RT*) —— C*(R* x1 R2) —— C*(R+*2) — 0 .
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Computation of K, (C*(

To study K-theory of C*(R* x1 R?) we define (R* x [0,1]) x R? the groupoid associated to the
action (RT x [0,1]) «~ R? defined by (t, &) * (A1, X2) := (te°*1,¢).
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Computation of K, (C*(

To study K-theory of C*(R* x1 R?) we define (R* x [0,1]) x R? the groupoid associated to the
action (RT x [0,1]) «~ R? defined by (t, &) * (A1, X2) := (te°*1,¢).

Using 6-terms exact sequence asociated to

0 — C*((R*x]0,1]) x R2) — C*((R* x [0,1]) % R?) —— C*(R* x R) — 0

0 —— C*((R x [0,1]) x R?) —— C*((R* x [0, 1]) x R?) AN C*(R* x1 R?) —— 0.
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Computation of K.(C*(Ip(X),

To study K-theory of C*(R* x1 R?) we define (R* x [0,1]) x R? the groupoid associated to the
action (RT x [0,1]) «~ R? defined by (t, &) * (A1, X2) := (te°*1,¢).

Using 6-terms exact sequence asociated to
0 — C*((R*x]0,1]) x R2) — C*((R* x [0,1]) % R2) —— C*(R* x R?) — 0
0 —— C*((R x [0,1]) x R?) —— C*((R* x [0, 1]) x R?) LT C*(R* x1 R?) —— 0.

we get :

Ko (CH(RY x B2)) —— Ku(C*((RF % [0,1]) % B?)) o— Ko (C* (R x1 R?))
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Computation of K, (C*(

To study K-theory of C*(R* x1 R?) we define (R* x [0,1]) x R? the groupoid associated to the
action (RT x [0,1]) «~ R? defined by (t, &) * (A1, X2) := (te°*1,¢).

Using 6-terms exact sequence asociated to
0 — C*((R*x]0,1]) x R2) — C*((R* x [0,1]) % R2) —— C*(R* x R?) — 0
0 —— C*((R x [0,1]) x R?) —— C*((R* x [0, 1]) x R?) LT C*(R* x1 R?) —— 0.

we get :

Ko (CH(RY x B2)) —— Ku(C*((RF % [0,1]) % B?)) o— Ko (C* (R x1 R?))

0.

Then
0 — C*(R*2 x RT*) —— C*(RT x1 R?) —— C*(R**?) —— 0.
W

]

Eventually, « is an isomorphism.
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Computation of K, (C*(

Index maps

Ko(Co(B)#71 —— Ki(C*(Mo(X) | 2,0.5,)) — Ki(Go(B))# 7>

Ko(Co(B))# 72 ¢—— Ko(C*(T(X) | 7,u.5,)) ¢ Ki(Co(B))* 1

we have :
K Ki(Go(B))# 72 — Ki(Go(B))# 71
(o,...,0, b, 0,...,0) — 0,...,0, «a(b) ,..., —a(b), 0,...,0).
~—~ ~— ~——

f coordinate g coordinate g’ coordinate

— Coherent choice of signs? Conormal homology.
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Computation of K, (C*(

Index maps

Ko(Co(B)#71 —— Ki(C*(Mo(X) | 2,0.5,)) — Ki(Go(B))# 7>

Ko(Co(B))# 72 «—— Ko(C*(Tu(X)|.7u.5,)) $—— Ki(Co(B))# 71

we have :
dit Ki(Go(B))##2 — Ki(Go(B))#71
(,...,0, b, 0,...,00 + (0,...,0, a(b) ,..., —a(b), 0,...,0).
~— ~—~— ~——
f coordinate g coordinate g’ coordinate

— Coherent choice of signs? Conormal homology.

The obstruction Ko(C*(Gr)) = Ko(C*(Is(X)|#,u,)) fits in the short exact sequence :

0—— Kl(Co(B))#yl//mé‘l — Ko(C*(GF)) Kerdo 0.
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Thank you for your attention !
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